L
5.1 - Trigonometric Identities

Warmup 1719
Establish the identity

sin?(—x) — cos?(—x) ,
= COSX — SIn x

sin(—x) — cos(—x)

1 4+ tanx
1 2) = tan x
1 +cotx

sin x 1 4+ cosx
+ - = 2cCscx
1 +cosx SIN X




5.2 - Sum and Difference Identities

First Cofunction Identity 2/19
Start with the cosine difference identity

cos(a — ff) = cosacos ff + sina sin f3

Substitute a = g and f =6

cos(%—@) = COS % cos 0 + sin % sin 6

cos(%—ﬁ) = 0-cos@+ 1-sin@

cos(%—é’) = sin @
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5.2 - Sum and Difference Identities

Second Cofunction ldentity 3/19
Again, start with the cosine difference identity

cos(a — ff) = cosacos ff + sina sin f3

Substitute a = g and g = g -0

T

cos[%—(%—@)] = COS 3

cos(%—ﬁ) + sin % sin(%—@)

cosd =0 - cos(%—@) +1- sin(%—ﬁ)

cos f = sin(%—@) cos(%—@) = sin @




5.2 - Sum and Difference Identities

Deriving the Sine sum of angles 4/19
Start with the cofunction identity

sin @ = cos(%—@)

Substitute 6 = A + B
k| sin(A + B) = COS(%—(A + B))
sin(A + B) = cos((%—A) — B)

sin(A + B) = cos(%—A)cosB + sin(%—A)sin B




5.2 - Sum and Difference Identities

Deriving the Sine difference of angles 5/19
Start with the Sine sum of angles

sin(A + B) = sin Acos B + cos A sin B

Substitute B with — B
sin(A + (—B)) = sin A cos(—B) + cos A sin(—B)
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5.2 - Sum and Difference Identities

sin(ad — f#) = sinacos f — cos asin f
sin(a + ) = sina cos ff + cos a sin

Evaluate each of the following exactly:

V6 -2
4

a. sin 15° sin(45° — 30°) =

, (47z 37r> V6 +4/2
Sin + =

12 12 =

c. sin75 sin(120° — 45°) =

V6 +/2
4

6/19



5.2 - Sum and Difference Identities

Sine/Cosine Identities 7/19
Sum/Difference of Angles

cos(a — ) = cosacosff+ sinasinf
cos(a + ff) = cosacos ff —sinasin 3
sin(ax — ff) = sina cos f — cos a sin f
sin(a + f) = sina cos ff + cos a sin 3
- Cofunctions
cosd = sin(%—@)

sin @ = cos(%—@)




5.2 - Sum and Difference Identities

Deriving the Tangent sum of angles 8/19
Start with the Tangent ldentity
sin(A + B
tan(A + B) = ( )
cos(A + B)
sin A cos B+ cos A sin B
tan(A + B) = - .
- cosSAcosB —sin Asin B
sin A cos B cos A sin B
__ CcosAcosB cos A cos B
tan(A T B) " cosAcosB . sin A sin B
cosAcosB cosAcosB
tan A + tan B
tan(A + B) =

1 —tan Atan B




5.2 - Sum and Difference Identities

Deriving the Tangent difference of angles 9/19

Start with the Tangent Sum ldentity
tan A + tan B
]l —tanAtan B

tan(A + B) =

Substitute B with — B

tan A + tan(—B)

tan(A + (=B)) = 1 — tan A tan(—B)

tan A —tan B

tan(A — B) =
]l +tan Atan B




5.2 - Sum and Difference Identities

Sine/Cosine Identities 10/19
Sum/Difference of Angles

cos(a — ) = cosacosff+ sinasinf
cos(a + ff) = cosacos ff —sinasin 3
sin(ax — ff) = sina cos f — cos a sin f

sin(a + f) = sina cos ff + cos a sin 3

E Cofunctions
cosd = sin(%—@)

sin @ = cos(%—@)

Tangent Identities

tan A + tan B
tan(A + B) =

1 —tan Atan B

tan A — tan B
tan(A — B) =

1 +tan Atan B
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5.2 - Sum and Difference Identities

cos(a — ff) = cosacosf+sinasinff  sin(a—f) =sinacosf —cosasinf 11/19
cos(a + f) =cosacosff—sinasinfi  sin(a + f) = sinacos f + cosasin f

tan A + tan B tan A —tan B
tan(A + B) = tan(A — B) =
1 —tan Atan B 1+ tan Atan B

Practice - Establish the identity

cos(a — )

. — , = cotacotff+ 1
sin a sin f

b. tan <0+§> = —cotd



Ch 5.3 Double-Angle



5.3 - Double-Angle Identities

Deriving the Double Angle Identities 12/19
sin(2A) and cos(2A)

Start with the Sine sum identity
sin(A + B) = sin AcosB + cos A sin B

sin(A +A) =sinAcosA + cosAsinA

R sin(2A) = 2sin A cos A

Start with the Cosine sum identity
coS(A + B) = cosAcosB —sinAsinB

cOoS(A +A) =cosAcosA —sinAsin A

cos(2A) = cos®> A — sin® A




5.3 - Double-Angle Identities

Deriving more Double Angle Identities 13/19

Start with the Cosine double angle identity
cos(2A) = cos®> A — sin® A
cos(2A) = (1 —sin? A) —sin® A

cos(2A) =1 —2sin’ A

Start with the Cosine double angle identity
cos(2A) = cos® A — sin® A
cos(2A) = cos’ A — (1 — cos? A)

cos(2A) = 2cos’ A — 1




5.3 - Double-Angle Identities

Deriving the Tangent Double Angle Identity 1419

sin(2A)

an(2A) = s

Or start with the Tangent sum identity

tan A +tan B
tan(A + B) =
= 1 —tan Atan B
tan A +tan A
tan(A +A) =
]l —tanAtan A
2tan A
tan(2A) =

1 —tan? A




k
5.3 - Double-Angle Identities

15/19
If SIn x = —% and cos x < 0, find sin(2x), cos(2x), and tan(2x).
sin®x + cos® x = 1 CcoS2 x = %
2
4 2. _ —_ /2 __3
<_§> +cos“x =1 COSX = s =T
sin(2x) = 2 sin x COS x cos(2x) = cos’® x — sin’ x
—
2 2
: —y(_2)(_3 —(_3) _(_4
sm(2x)—2( 5)( 5) cos(2x)—< 5) ( 5)
. 24 — 1
sin(2x) = o5 cos(2x) = >3
sin(2x) 24/25 24
tan(2x) = tan(2x) = tan(2x) = — —

cos(2x) =7125
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5.3 - Double-Angle Identities

16/19
sin(2A) = 2sin Acos A

cos(2A) = cos® A — sin’ A

an(2A) 2tan A
an =
I —tan? A
Practice
B sinpiify
1 —cos2x 5 1 +sinx —cos2x
" 14 cos2x " Ccosx + sin2x

tan2 X tan x




5.3 - Double-Angle Identities

Practice 17719
If cosx = % and sin x < 0, find sin(2x), cos(2x), and tan(2x).
: __2
sin(2x) = >
cos(2x) = L

25

tan(2x) = 27—4

sin(2A) = 2sin A cos A
cos(2A) = cos®’ A — sin* A
2tan A

tan(2A) = T tan? A




5.3 - Double-Angle Identities

18/19
sin(2A) = 2sin Acos A cos(2A) =1 —2sin’ A

cos(2A) = cos” A — sin® A cos(2A) = 2cos’ A — 1

Practice - Establish the identity

,‘ a. (sinx — cos x)2 = 1 — sin(2x)

b. cos(3x) = (1 — 4sin” x)cos x




5.1 - Trigonometric Identities

Practice - Simplify 19/19

cotx —tan x
Yy = y = c0s(2x)
cotx + tan x




